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Abstract  

Coordination is one of the critical issues in remanufacturing systems that can 

persuade supply chain parties to make optimal centralized decisions leading to 

higher profits. Accordingly, this paper aims to examine a reverse logistics system, 

including one manufacturer along with a collector who collects used products based 

on the consumers' willingness to return such products. Consumers’ willingness is 

dependent on the take-back price, which is adjusted based on various quality levels 

affecting the processing cost of the collected items. This study developed 

mathematical models under both decentralized and centralized scenarios. Besides, 

to align the interests of both members and better profit-sharing, a cost-sharing 

contract is implemented. According to the results, in the coordination model, the 

take-back price of the high-quality level is increased compared to the decentralized 

model while the take-back price of the low-quality level is decreased. Hence, it 

suggests collecting and repairing higher-quality products to achieve higher profits 

for the whole system. Besides, the paper provides valuable suggestions for 

managers to resolve the conflicts of interest among participants of reverse logistics 

systems in an efficient manner. 
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Introduction 
 

In today’s world, due to the growing consumption of various resources along with 

environmental concerns and social responsibilities, special attention is paid to closed-loop 

supply chains (CLSC) and reverse logistics [1,2,3]. Indeed, companies are working to develop 

a cycle for the return of the used products in order to save raw materials and prevent waste [4]. 

This issue plays a significant role in the competitive environment of developing countries, and 

it has become one of the basic demands of consumers [5]. Therefore, some famous high-tech 

companies adopted different remanufacturing plans (e.g., Kodak, FujiFilm, Hewlett–Packard, 

IBM Europe, and Xerox) [6]. 

Consumed goods can be classified into two main types, i.e., white and brown goods. The 

first group consists of commodities designed for a long lifespan, including appliances (e.g., 

trash compactors) that can be finally buried [7,8,9]. The latter group, called End-Of-Use (EOU) 

products, contains electronics (e.g., TVs and laptop computers) that become outdated with the 

development of new technologies [10,11,12]. However, because of environmental concerns, 
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they cannot be disposed of burying. Hence, it is preferred to repair or recover such goods 

collected through traditional or online channels [13]. Thus, the structure of reverse logistics and 

making appropriate decisions about the return policy can play a remarkable role in the 

profitability of supply chains [14]. 

Note that returned products vary in quality depending on their lifespan and how they are 

used. It is a big deal for decision-makers to manage the uncertainty of the returned products in 

terms of quality and quantity [15]. The quality of products is usually evaluated according to 

their integrity, lifespan, and maintenance strategy [16]. In fact, based on the quality levels of 

the collected products, different actions can be adopted to recover them [17]. In general, these 

different recovery actions include repairing higher quality products, remanufacturing or 

recycling low-quality products, and sending very low-quality products to be scrapped. Note that 

the processing cost and time allocated to returned products in checking the quality level, 

separating, sorting, and even the recycling cost will vary based on the product’s quality.  

Two approaches are applicable for product return policy. In the first one, called the active 

return approach, contrary to the second one called the passive return approach, the system 

members make an effort to motivate consumers to return products by paying incentives per 

each returned product [18]. Consumers will often resist returning end-of-life products; hence, 

preparations can be considered to motivate them to bring back such products. By offering 

incentives, companies can encourage consumers to return products, which is one of the critical 

factors in the success of reverse logistics [19]. There are various approaches to propose a 

framework for offering incentives. In some research, the incentive is considered a constant 

value [20]; in return, in others, it depends on several related factors, e.g., consumer's willingness 

[21]. Note that given the latter method, the effects of the returned product's quality on the 

incentive offered to consumers and recovery strategies are among topics that have not 

sufficiently been discussed in coordination problems. Therefore, by making a major change, 

the current study has addressed the coordination of a reverse logistics system through an 

incentive mechanism, i.e., a cost-sharing contract. 

This paper aims to address the following research questions: 

1. Can the cost-sharing contract be beneficial for both members? 

2. What are the optimal terms of the cost-sharing contract?  

3. How much is the proposed take-back price according to the quality levels of the 

returned products? 

Motivated by this matter, we assume a two-level reverse channel, including a manufacturer 

and a collector who would like to reinforce consumers' willingness in returning consumed 

products and decides on the take-back price offered to consumers given the quality levels of the 

returned products. Two quality levels are considered based on the quality ratio of the returned 

products. Besides, the effect of a cost-sharing contract offered by the manufacturer is analyzed 

on decision-making. 

The main contributions of this paper are as follow: 

 Considering two quality levels for optimizing the take-back price offered to consumers; 

the first level involves products with a maximum of two years and the second level 

includes products with two to four years. 

 Analyzing the effects of each quality level on decisions based on characterizing 

appropriate recycling strategy and processing cost in the recycling process.  

 Considering the effects of overcrowding on the cost of processing, repairing, and 

remanufacturing; while the processing cost is shown as the effects of one quality level 

to another, the exponential cost function is considered for repair/remanufacturing cost. 

 Offering a cost-sharing contract so that the reverse system can achieve coordination. 

The rest of this paper is organized as follows. Section 2 reviews the subject literature and 

indicates the research gap addressed in this paper. In Section 3, the mathematical model and 
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solving approach are presented for three scenarios. Numerical results and sensitivity analyses 

are provided in Section 4. In Section 5, managerial implications are presented. Section 6 

includes the conclusions of this paper and suggestions for future studies. 

 

Literature review 
 

Reverse logistics design with quality consideration 

 

Reverse logistics and recovery strategies are fields of CLSCs discussed in several studies 

considering special aspects. We reviewed the related aspects of this field to our study. 

Using the appropriate method to recover products based on their nature is a topic investigated 

in the literature. Some studies addressed a reverse logistics network design model considering 

carbon-constrained [22,23,24,25]. Besides, some researchers studied the role of incentives on 

the return rate. The first study that distinguished the role of incentive mechanism in collection 

and recovery problems is presented by Guide Jr and Van Wassenhove [8]. Kaya [20] considered 

a CLSC in which the manufacturer collects used products by offering an incentive to consumers 

and then sells the products. In another similar study, researchers analyzed the influence of a 

buy-back contract in returning old products with three recovery options, i.e., product or 

component remanufacturing and raw material recovery [26].  

In recent studies, special attention has been addressed to the role of product quality in making 

decisions. Cai et al. [27] determined optimal acquisition and production planning by 

considering two levels of quality products in a hybrid manufacturing/remanufacturing system. 

Liu et al. [16] developed a competition model for recycling waste electrical and electronic 

equipment that product price is based on product quality. Similarly, in another study, the impact 

of product quality on pricing decisions has been analyzed [28]. In some studies, the effect of 

product quality on the return rate has been addressed. Giri and Sharma [29] studied a CLSC 

that the return rate depends on the acceptable quality level, and the manufacturing process is 

assumed to be imperfect as well. Taleizadeh et al. [30] investigated the collection, product 

quality, and pricing decisions in two types of CLSCs: only dual-channel for recycling and dual-

channel for forward and recycling process.  

 

Reverse logistics coordination 

 

Developing coordination contracts is a remarkable area in both the manufacturing and service 

industries [31]. He et al. [32] investigated the impact of various contracts on carbon-capped 

problems. Xie et al. [33] merged two revenue-sharing and cost-sharing contracts and proposed 

a solution to improve the quality of the returned products by rating collected products. Zhang 

et al. [34] examined how to distinguish the quality and value of products in a CLSC with 

defective returned products and demonstrated the coordination model through a revenue-

sharing contract. Wang et al. [35] proposed two models for a dual-collection channel. To 

achieve the optimal strategy, they applied two-part tariff and revenue-sharing contracts. 

Recently, Bakhshi and Heydari [36] analyzed a put option contract in a reverse channel under 

remanufacturing capacity volatility. 

Game theoretical models are one of the approaches to solve CLSC problems. Yi et al. [37] 

provided a game-theoretic framework for a dual recycling CLSC to determine optimal 

collection decisions. Genc and De Giovanni [38] modeled a Stackelberg game to assess a CLSC 

where the return rate is a function of price and quality. Another study employed a Stackelberg 

game for a competitive CLSC to cooperate members and examined the role of two contracts as 

well [39]. Toktaş-Palut [40] addressed green manufacturing processes in a game model along 
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with a two-tariff contract. Recently, attitudes attracted toward optimal pricing and service 

policies through the Stackelberg game model in a dual-channel reverse supply chain [41,42]. 

 

Gap analysis 

 

Several studies that are most similar to our research, which provides incentives for returned 

products by offering incentives as a linear distribution of consumers' willingness, are discussed 

below. Bai [43] studied reverse logistics and considered a willingness function for consumers 

to return used products. Afterward, Govindan and Popiuc [21] considered a CLSC and analyzed 

a revenue-sharing contract. Similarly, Heydari et al. [44] worked on this issue with debate on 

the government role, and Heydari et al. [18] developed this model by considering stochastic 

remanufacturing capacity. Another research examined uncertainty in the quality of the returned 

products along with remanufacturing capacity volatility [19].  

In the current research, the role of the returned products' quality in the collection/recycling 

strategies is discussed. The most relevant studies to this paper are based on the development of 

the first model proposed by Bai [43] that introduced the consumers' willingness function in 

taking back used products. Among previous studies in this field, only Heydari and Ghasemi 

[19] addressed the quality of the used products as a random variable and determined a minimum 

acceptable quality level. In the current paper, two quality levels are considered in which 

different consumers' willingness functions are defined for each quality level. Furthermore, we 

present a processing cost function related to the amount of another quality level for each quality 

so that different quality levels lead to different actions for recycling. In Table 1Table 1, the most 

similar studies according to the main features have been compared with this study. 
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Quantity 
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Xie et al. [33] 
Revenue-sharing 

and Cost-sharing 
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Heydari et al. [18] Revenue-sharing            

Heydari and Ghasemi [19] Revenue-sharing            

Bakhshi and Heydari [36] Put option            

This study Cost-sharing            
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Problem description 
 

Contrary to previous studies that have broadly concentrated on forwarding logistics dealing 

with inventory management, routing, location, and pickup/delivery [45,46,47,48], this research 

has looked at logistics issues from a different angle, i.e., the EOU products 

recycling/remanufacturing process management. In this study, a reverse logistics system is 

considered containing one manufacturer and one collector. The collector accumulates used 

products from consumers by offering incentives proportional to the quality levels of the 

returned products. The quality levels of the returned products are categorized into two levels, 

called quality level 1 (i.e., high quality) and quality level 2 (i.e., low quality). The collector tries 

to make a framework to motivate consumers, which is intended to provide a linear distribution 

for the consumers' willingness to return products, as presented below [21,43]: 

 

𝑊 = 𝑓(𝑑) = {

𝑑

𝑑𝑚𝑎𝑥

,    0 < 𝑑 < 𝑑𝑚𝑎𝑥

1,                      𝑑 ≥ 𝑑𝑚𝑎𝑥

 (1)  

 

Where d is the take-back price offered to consumers for returned products and  𝑑𝑚𝑎𝑥 is the 

maximum take-back price that motivates consumers to return all consumed products. 

In this problem, each level of quality has a distinct consumers' willingness function. Since 

two quality levels are considered in this paper, we have two consumers' willingness functions. 

The maximum take-back price for quality level 1 is higher than that for quality level 2 (𝑑𝑚𝑎𝑥1 >
𝑑𝑚𝑎𝑥2). Besides, two constraints, specified in Eqs. 2 and 3 guarantee that the quantity of the 

returned products does not exceed products sold to consumers: 

 

𝑑1
𝐷

𝑑𝑚𝑎𝑥1

+
𝑑2

𝐷

𝑑𝑚𝑎𝑥2

≤ 1 (2)  

𝑑1
𝐶

𝑑𝑚𝑎𝑥1

+
𝑑2

𝐶

𝑑𝑚𝑎𝑥2

≤ 1 
(3)  

 

Let 𝑑1
𝐷 and 𝑑2

𝐷, as well as 𝑑1
𝐶  and 𝑑2

𝐶 , denote the take-back price offered by the collector to 

return products in quality levels 1 and 2 in the decentralized and centralized models, 

respectively. Similarly, 𝑑𝑚𝑎𝑥1 and 𝑑𝑚𝑎𝑥2 are the maximum take-back price offered by the 

collector for this purpose. 

After inspection and classification operations, the collector sells collected products to the 

manufacturer at an agreed price. The manufacturer performs two types of actions on the 

returned products based on quality levels. In this way, the manufacturer repairs products with 

a higher quality level and remanufactures the lower quality products. The purpose of this study 

is to determine optimal incentives for two quality levels to optimize the reverse logistics profit 

in three scenarios, i.e., decentralized, centralized, and coordinated by a cost-sharing contract. 

Fig. 1 depicts the structure of the assumed reverse system. 
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Fig 1. Structure of the investigated reverse system 

 

The following assumptions are considered in the proposed models: 

 The sales price of returned products to the manufacturer by the collector (P) is the 

same for all quality levels [27]. 

 The maximum take-back price offered for the returned products in quality level 1 

(𝑑𝑚𝑎𝑥1) is greater than quality level 2 (𝑑𝑚𝑎𝑥2). 

 The fixed processing cost of the collector for quality level 1 (𝛼0) is less than quality 

level 2 (𝛽0). 

 The remanufacturing cost (𝐶𝑟𝑒𝑚) is greater than the repair cost (𝐶𝑟𝑒𝑝). 

 The remanufactured and repaired products are identical in terms of quality and sales 

price (𝑃𝑚). 

 

Model formulation 

 

The parameters and variables of models are listed as follow: 

 
Parameters 

𝐷 Quantity of new product sold to consumers 

𝑃 Sales price of returned products sold to the manufacturer by the collector 

𝑊1 Consumers' willingness for returning products in quality level 1 

𝑊2 Consumers' willingness for returning products in quality level 2 

𝐶1 Processing cost of returned products in quality level 1 for the collector 

𝐶2 Processing cost of returned products in quality level 2 for the collector 

𝐶𝑟𝑒𝑝 Repair cost ratio for the manufacturer 

𝐶𝑟𝑒𝑚 Remanufacturing cost ratio for the manufacturer 

𝑑𝑚𝑎𝑥1 Maximum take-back price offered by the collector for quality level 1  

𝑑𝑚𝑎𝑥2 Maximum take-back price offered by the collector for quality level 2  

𝑃𝑚 Sales price of repaired and remanufactured products to consumers by the manufacturer 

Decision variables in the decentralized model 

𝑑1
𝐷 Offered take-back price by the collector to return products in quality level 1  

𝑑2
𝐷 Offered take-back price by the collector to return products in quality level 2  

Decision variables in the centralized model 

𝑑1
𝐶 Offered take-back price by the collector to return products in quality level 1  

𝑑2
𝐶 Offered take-back price by the collector to return products in quality level 2  

Decision variables in the contract model 

𝑑1
𝐶𝑜𝑛𝑡 Offered take-back price by the collector to return products in quality level 1  
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𝑑2
𝐶𝑜𝑛𝑡 Offered take-back price by the collector to return products in quality level 2  

 

Decentralized model 

The collector’s profit function, including the profit of selling returned products and the 

processing cost for each quality level, is as follow: 

 

𝛱𝐶
𝐷 = (𝑃 − 𝑑1

𝐷)𝑊1𝐷 − 𝐶1𝑊1𝐷 + (𝑃 − 𝑑2
𝐷)𝑊2𝐷 − 𝐶2𝑊2𝐷 (4) 

 

The first two terms are related to quality level 1; the former represents the profit from sales 

of the returned items to the manufacturer, and the latter indicates the processing cost of 

products. The second two terms show the same for quality level 2. 

The manufacturer’s profit function consists of the profit of selling repaired and 

remanufactured products to consumers and the repair/remanufacturing costs: 

 

Π𝑀
𝐷 = (𝑃𝑚 − 𝑃)𝑊1𝐷 −

1

2
𝐶𝑟𝑒𝑝(𝑊1𝐷)2 + (𝑃𝑚 − 𝑃)𝑊2𝐷 −

1

2
𝐶𝑟𝑒𝑚(𝑊2𝐷)2 (5) 

 

The first two terms are related to quality level 1. The former represents the profit from sales 

of the repaired products to consumers, while the latter expresses the cost of repairing products. 

The second two terms show the same as previous for quality level 2. The cost of repair and 

remanufacturing due to the production line's over-capacity is considered in the literature 

[49,50]. 

It is also assumed that the collector considers one processing facility for both quality levels; 

therefore, due to capacity limitations, input amounts of each quality level can influence another 

level's processing cost. Note that the increase in the input amount of a quality level results in 

overcrowding and requiring more resources for its processing, which means the possibility of 

facing a shortage of capacity for another, and it can cause delays, extra storage, etc. This issue 

results in increasing the processing cost of another quality level. The quantity of each quality 

level depends on the consumers' willingness to return products. Therefore, the processing cost 

of each quality level is presented as a function of consumers' willingness of another quality 

level: 

 

𝐶1 = 𝐹(𝑊2) = 𝛼0 + 𝛼𝑊2 = 𝛼0 + 𝛼
𝑑2

𝐷

𝑑𝑚𝑎𝑥2

 

𝐶2 = 𝐹(𝑊1) = 𝛽0 + 𝛽𝑊1 = 𝛽0 + 𝛽
𝑑1

𝐷

𝑑𝑚𝑎𝑥1

 

(6) 

 

Where 𝛼0 is the fixed processing cost of quality level 1 per unit and α is the impact factor of 

consumers' willingness to return products with quality level 2 on the processing cost of quality 

level 1. Besides, 𝛽0 demonstrates the fixed processing cost of quality level 2 per unit, and 𝛽 is 

identified as the impact factor of consumers' willingness to return products with quality level 1 

on the processing cost of quality level 2 for the collector. 

Under the decentralized scenario, the collector decides on the optimal 𝑑1
𝐷 and 𝑑2

𝐷, then 

attempts to maximize its profit. Now, by substituting Eqs. 1 and 6 into Eq. 4, we will have: 

 

Π𝐶
𝐷 = (𝑃 − 𝑑1

𝐷)
𝑑1

𝐷

𝑑𝑚𝑎𝑥1
𝐷 − (𝛼0 + 𝛼

𝑑2
𝐷

𝑑𝑚𝑎𝑥2
)

𝑑1
𝐷

𝑑𝑚𝑎𝑥1
𝐷 + (𝑃 − 𝑑2

𝐷)
𝑑2

𝐷

𝑑𝑚𝑎𝑥2
𝐷 − (𝛽0 +

𝛽
𝑑1

𝐷

𝑑𝑚𝑎𝑥1
)

𝑑2
𝐷

𝑑𝑚𝑎𝑥2𝐷
  

(7) 

 



172  Jolai et al. 

Theorem 1. In the decentralized scenario, the collector’s profit function  𝐶

𝐷
 is concave in 

𝑑1
𝐷 𝑎𝑛𝑑 𝑑2

𝐷 that guarantees the optimal 𝑑1
𝐷 𝑎𝑛𝑑 𝑑2

𝐷 which are given as follow: 

 

𝑑1
𝐷 =

2𝑑𝑚𝑎𝑥1𝑑𝑚𝑎𝑥2(𝑃 − 𝛼0) − 𝑑𝑚𝑎𝑥1(𝛼 + 𝛽)(𝑃 − 𝛽0)

4𝑑𝑚𝑎𝑥1𝑑𝑚𝑎𝑥2 − (𝛼 + 𝛽)2
 

 

(8) 

𝑑2
𝐷 =

2𝑑𝑚𝑎𝑥1𝑑𝑚𝑎𝑥2(𝑃 − 𝛽0) − 𝑑𝑚𝑎𝑥2(𝛼 + 𝛽)(𝑃 − 𝛼0)

4𝑑𝑚𝑎𝑥1𝑑𝑚𝑎𝑥2 − (𝛼 + 𝛽)2
 

(9) 

 

Note that the proof of all presented theorems is given in Appendix. 

 

Centralized model 

In this case, the entire system profit is considered, and in the systemic view, the optimal 

amount of variables is calculated. The supply chain profit is obtained by the sum of profit 

functions of the retailer and the manufacturer and is equal to: 

 

Π𝑆𝐶
𝐶 = (𝑃𝑚 − 𝑑1

𝐶 − 𝛼0)
𝑑1

𝐶

𝑑𝑚𝑎𝑥1
𝐷 + (𝑃𝑚 − 𝑑2

𝐶 − 𝛽0)
𝑑2

𝐶

𝑑𝑚𝑎𝑥2
𝐷 −

1

2
𝐶𝑟𝑒𝑝 (

𝑑1
𝐶

𝑑𝑚𝑎𝑥1
𝐷)

2

−

1

2
𝐶𝑟𝑒𝑚 (

𝑑2
𝐶

𝑑𝑚𝑎𝑥2
𝐷)

2

− (𝛼 + 𝛽)
𝑑1

𝐶

𝑑𝑚𝑎𝑥1

𝑑2
𝐶

𝑑𝑚𝑎𝑥2
𝐷  

(10) 

 

Theorem 2. In the centralized scenario, the supply chain profit function  𝑆𝐶

𝐶
 is concave in 

𝑑1
𝐶  𝑎𝑛𝑑 𝑑2

𝐶, and the optimal 𝑑1
𝐶  𝑎𝑛𝑑 𝑑2

𝐶  𝑎𝑟𝑒 𝑔𝑖𝑣𝑒𝑛 𝑏𝑦:  
 

𝑑1
𝐶 =

𝑑𝑚𝑎𝑥1(𝑃𝑚(𝐶𝑟𝑒𝑚𝐷+2𝑑𝑚𝑎𝑥2−𝛼−𝛽)−𝛼0(𝐶𝑟𝑒𝑚𝐷+2𝑑𝑚𝑎𝑥2)+𝛽0(𝛼+𝛽))

𝐶𝑟𝑒𝑚𝐶𝑟𝑒𝑝𝐷2+2𝐷(𝐶𝑟𝑒𝑚𝑑𝑚𝑎𝑥1+𝐶𝑟𝑒𝑝𝑑𝑚𝑎𝑥2)+4𝑑𝑚𝑎𝑥1𝑑𝑚𝑎𝑥2−(𝛼+𝛽)2  (11) 

𝑑2
𝐶 =

𝑑𝑚𝑎𝑥2(𝑃𝑚(𝐶𝑟𝑒𝑝𝐷 + 2𝑑𝑚𝑎𝑥1 − 𝛼 − 𝛽) − 𝛽0(𝐶𝑟𝑒𝑝𝐷 + 2𝑑𝑚𝑎𝑥1) + 𝛼0(𝛼 + 𝛽))

𝐶𝑟𝑒𝑚𝐶𝑟𝑒𝑝𝐷2 + 2𝐷(𝐶𝑟𝑒𝑚𝑑𝑚𝑎𝑥1 + 𝐶𝑟𝑒𝑝𝑑𝑚𝑎𝑥2) + 4𝑑𝑚𝑎𝑥1𝑑𝑚𝑎𝑥2 − (𝛼 + 𝛽)2
 (12) 

 

Coordination by a cost-sharing contract 

Results indicate that making centralized decisions leads to higher system profit than the 

decentralized model, but centralized decisions often result in a reduction in one of the members' 

profit. In order to satisfy members to the coordinated decision-making, it is necessary to provide 

incentives and motivations by defined contracts that compensate for losses incurred by 

members. In this model, the collector faces profit reduction under centralized decisions and 

requires a stimulus to join this coordination. Most studies proposed a revenue-sharing contract 

in tackling similar problems; however, to achieve this aim, a cost-sharing contract is proposed 

and analyzed in this study. In fact, cost-sharing is a process in which SC members can work 

together to secure savings in business operations. Indeed, cost-sharing enables SC members to 

cope with the competitive challenges of the rising cost. The manufacturer is inclined to increase 

the return rate of high-quality products. Thus, according to the cost-sharing contract, the 

manufacturer will be responsible for supplying a fraction of the purchasing cost of the returned 

products with quality level 1 as well as a fraction of the fixed cost of processing them. Also, 

the sales price of the returned products sold to the manufacturer by the collector is considered 

as a contract parameter to determine under the contract scenario. Hence, there are three contract 

parameters including 𝑃𝑐 for the sales price of the returned products sold to the manufacturer by 
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the collector under contract, 𝜆 (0 < 𝜆 < 1) for a fraction of the purchasing cost of the returned 

products with quality level 1 ((𝑑1
𝐶𝑜𝑛𝑡) (

𝑑1
𝐶𝑜𝑛𝑡

𝑑𝑚𝑎𝑥1
) 𝐷), and 𝛾 (0 < 𝛾 < 1) which is shown a fraction 

of the fixed processing cost of the returned products with quality level 1 (𝛼0 (
𝑑1

𝐶𝑜𝑛𝑡

𝑑𝑚𝑎𝑥1
) 𝐷). 

The profit functions of the collector and the remanufacturer under the cost-sharing contract 

are presented as below: 

 

Π𝐶
𝐶𝑜𝑛𝑡 = (𝑃𝑐 − (1 − 𝜆)𝑑1

𝐶𝑜𝑛𝑡) (
𝑑1

𝐶𝑜𝑛𝑡

𝑑𝑚𝑎𝑥1
) 𝐷 − ((1 − 𝛾)𝛼0 + 𝛼 (

𝑑2
𝐶𝑜𝑛𝑡

𝑑𝑚𝑎𝑥2
)) (

𝑑1
𝐶𝑜𝑛𝑡

𝑑𝑚𝑎𝑥1
) 𝐷 +

(𝑃𝑐 − 𝑑2
𝐶𝑜𝑛𝑡) (

𝑑2
𝐶𝑜𝑛𝑡

𝑑𝑚𝑎𝑥2
) 𝐷 − (𝛽0 + 𝛽 (

𝑑1
𝐶𝑜𝑛𝑡

𝑑𝑚𝑎𝑥1
)) (

𝑑2
𝐶𝑜𝑛𝑡

𝑑𝑚𝑎𝑥2
) 𝐷  

(13) 

Π𝑀
𝐶𝑜𝑛𝑡 = (𝑃𝑚 − 𝑃𝑐 − 𝜆𝑑1

𝐶𝑜𝑛𝑡) (
𝑑1

𝐶𝑜𝑛𝑡

𝑑𝑚𝑎𝑥1
) 𝐷 − (

1

2
) 𝐶𝑟𝑒𝑝 ((

𝑑1
𝐶𝑜𝑛𝑡

𝑑𝑚𝑎𝑥1
) 𝐷)

2

+ (𝑃𝑚 − 𝑃𝑐) (
𝑑2

𝐶𝑜𝑛𝑡

𝑑𝑚𝑎𝑥2
) 𝐷 −

(
1

2
) 𝐶𝑟𝑒𝑚 ((

𝑑2
𝐶𝑜𝑛𝑡

𝑑𝑚𝑎𝑥2
) 𝐷)

2

− 𝛾𝛼0 (
𝑑1

𝐶𝑜𝑛𝑡

𝑑𝑚𝑎𝑥1
)  

(14) 

 

In Eq. 13, the first two terms are the profit and cost trade-offs for quality level 1 that the 

former displays the profit obtained from selling returned products to the manufacturer which 

under the cost-sharing contract, (1 − 𝜆) fraction of 𝑑1
𝐶𝑜𝑛𝑡 is paid by the collector. The latter 

indicates the processing cost of the collected products that (1 − 𝛾) of fixed processing cost 

(𝛼0) is paid by the collector. The second two terms, like the previous one, illustrate the profit 

and cost phrases for quality level 2. In Eq. 14, the first two terms are related to quality level 1, 

which the first one represents the profit from sales of repaired products to consumers as well as 

the fraction of sales price of the returned products with quality level 1 incurred by the contract 

to the manufacturer. The second one shows the repair cost paid by the manufacturer for returned 

products. The second two terms, same as the previous one, show the profit and the cost of 

remanufacturing process for quality level 2. The last term expresses the fraction of fixed 

processing cost of quality level 1 provided by the manufacturer under the cost-sharing contract. 

 

Theorem 3. Under the cost-sharing contract, after determining the concavity of the collector’s 

profit function 𝛱𝐶
𝐶𝑜𝑛𝑡 in 𝑑1

𝐶𝑜𝑛𝑡 𝑎𝑛𝑑 𝑑2
𝐶𝑜𝑛𝑡, the optimal amounts of take-back price 

(𝑑1
𝐶𝑜𝑛𝑡 𝑎𝑛𝑑 𝑑2

𝐶𝑜𝑛𝑡) are obtained as follow: 

 

𝑑1
𝐶𝑜𝑛𝑡 =

𝑑𝑚𝑎𝑥1(2𝑑𝑚𝑎𝑥2(𝑃𝑐 − (1 − 𝛾)𝛼0) − (𝛼 + 𝛽)(𝑃𝑐 − 𝛽0))

4(1 − 𝜆)𝑑𝑚𝑎𝑥1𝑑𝑚𝑎𝑥2 − (𝛼 + 𝛽)2
 (15) 

𝑑2
𝐶𝑜𝑛𝑡 =

𝑑𝑚𝑎𝑥2(((1 − 𝛾)𝛼0 − 𝑃𝑐)(𝛼 + 𝛽) − 2𝑑𝑚𝑎𝑥1(1 − 𝜆)(𝛽0 − 𝑃𝑐))

4(1 − 𝜆)𝑑𝑚𝑎𝑥1𝑑𝑚𝑎𝑥2 − (𝛼 + 𝛽)2
 (16) 

 

Theorem 4. In the cost-sharing contract, the sales price of the returned product to the 

manufacturer (𝑃𝑐), and the fraction of the processing cost of products with quality level 1 (γ) 

procured by the manufacturer, are obtained as: 

𝑃𝑐 = (−(𝛼 + 𝛽)(𝐶𝑟𝑒𝑚  𝐷(−𝑃𝑚 + 𝛼0 ) + 𝑃𝑚(𝛼 + 𝛽) + (𝐶𝑟𝑒𝑝 𝐷 + 2dmax1)(2dmax2 𝑃𝑚 +

𝐶𝑟𝑒𝑚 𝐷β0 )) ⁄ (𝐶𝑟𝑒𝑚𝐷(𝐶𝑟𝑒𝑝𝐷 + 2𝑑dmax1) + 2𝐶𝑟𝑒𝑝𝐷dmax2 + 4dmax1dmax2 − (𝛼 + 𝛽)2)  
(17) 
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𝛾 = −
1

𝑑1
𝐶𝑑𝑚𝑎𝑥2𝛼0

(𝑑𝑚𝑎𝑥1((𝑑2
𝐷)2 + 3(𝑑2

𝐶)2) + 𝑑2
𝐷(𝑑1

𝐷(𝛼 + 𝛽) + 𝑑𝑚𝑎𝑥1(−𝑃 + 𝛽0)) +

𝑑2
𝐶(2𝑑1

𝐶(𝑑𝑚𝑎𝑥2 + 𝛼 + 𝛽) + 𝑑𝑚𝑎𝑥1(−𝑃 + 𝛽0)) + 𝑑𝑚𝑎𝑥2((𝑑1
𝐷)2 + 𝑑1

𝐷(−𝑃 + 𝛼0) + 𝑑1
𝐶(𝑑1

𝐶(1 +
(𝛼 + 𝛽) 𝑑𝑚𝑎𝑥1⁄ ) + (−𝑃 + 𝛽0))))  

(18) 

Theorem 5. In the coordination scenario, the feasible interval of 𝜆 is as follows: 

 

𝜆𝑚𝑖𝑛 =
1

2(𝑑1
𝐶)2𝑑𝑚𝑎𝑥1𝑑𝑚𝑎𝑥2

2 (𝐶𝑟𝑒𝑚𝐷𝑑𝑚𝑎𝑥1
2 ((𝑑2

𝐶)2 − (𝑑2
𝐷)2) + 𝑑𝑚𝑎𝑥2(4𝑑1

𝐶𝑑2
𝐶𝑑𝑚𝑎𝑥1(𝛼 + 𝛽)

+ 2𝑑1
𝐶𝑑𝑚𝑎𝑥1

2 (𝛽0 + 2𝑑1
𝐶) + 𝐶𝑟𝑒𝑝𝐷𝑑𝑚𝑎𝑥2((𝑑1

𝐶)2 − (𝑑1
𝐷)2)

+ 2𝑑𝑚𝑎𝑥1𝑑𝑚𝑎𝑥2(𝛼0 𝑑1
𝐶 + 2(𝑑1

𝐶)2 − 2𝑑1
𝐷𝑃 + 2𝑑1

𝐷𝑃𝑚 − 2𝑑1
𝐶𝑃𝑚)

− 2𝑑𝑚𝑎𝑥1
2 (𝑑2

𝐷𝑃 − 𝑑2
𝐷𝑃𝑚 + 𝑑2

𝐶𝑃𝑚)) 

(19) 

𝜆𝑚𝑎𝑥 =
1

(𝑑1
𝐶)2𝑑𝑚𝑎𝑥2

((𝑑1
𝐷𝑑2

𝐷 + 𝑑1
𝐶𝑑2

𝐶)(𝛼 + 𝛽) + 𝑑𝑚𝑎𝑥1(𝛽0𝑑2
𝐷 + (𝑑2

𝐷)2 + (𝑑2
𝐶)2 − 𝑑2

𝐷𝑃)

+ 𝑑𝑚𝑎𝑥2(𝛼0𝑑1
𝐷 + (𝑑1

𝐷)2 + (𝑑1
𝐶)2 − 𝑑1

𝐷𝑃)) 

(20) 

 

To simplify calculations, we considered the middle of the interval of 𝜆 as given in Eq. 21: 

 

 𝜆𝑚𝑖𝑑 =
1

4(𝑑1
𝐶)

2
𝑑𝑚𝑎𝑥1𝑑𝑚𝑎𝑥2

2
(𝐶𝑟𝑒𝑚𝐷𝑑𝑚𝑎𝑥1

2 ((𝑑2
𝐶)2 − (𝑑2

𝐷)2) + 𝑑𝑚𝑎𝑥2(2𝑑𝑚𝑎𝑥1(𝛼 +

𝛽)(𝑑1
𝐷𝑑2

𝐷 + 3𝑑1
𝐶𝑑2

𝐶) + 2𝑑𝑚𝑎𝑥1
2 (𝛽0𝑑2

𝐷 + (𝑑2
𝐷)2 + 𝛽0𝑑2

𝐶 + 3(𝑑2
𝐶)2 − 2𝑑2

𝐷𝑃 + 𝑑2
𝐷𝑃𝑚 − 𝑑2

𝐶𝑃𝑚) +
𝐶𝑟𝑒𝑝𝐷𝑑𝑚𝑎𝑥2((𝑑1

𝐶)2 − (𝑑1
𝐷)2) + 2𝑑𝑚𝑎𝑥1𝑑𝑚𝑎𝑥2(𝛼0 𝑑1

𝐷 + (𝑑1
𝐷)2 + 𝛼0 𝑑1

𝐶 + 3(𝑑1
𝐶)2 − 2𝑑1

𝐷𝑃 +

𝑑1
𝐷𝑃𝑚 − 𝑑1

𝐶𝑃𝑚)) 

 

(21) 

 

To portray the efficient performance of the proposed cost-sharing contract, note that 𝜆𝑚𝑖𝑛 <
𝜆𝑚𝑎𝑥. Due to the complexity of calculations, although it is no possible to prove this analytically, 

our numerical instances demonstrate that this always happens in numerical terms. Given the 

results acquired from numerical examples, [𝜆𝑚𝑖𝑛, 𝜆𝑚𝑎𝑥] is a non-empty interval, and it can be 

concluded that the proposed cost-sharing contract acts properly. 

 

Debate on the model constraints 

 

For each scenario, there is a constraint that ensures the quantity of returned products does not 

exceed the total amount of sold products (Eqs. 2 and 3). With respect to using a non-binding 

method to solve the model and meet such constraints, a heuristic approach is presented as 

follows: 

Calculate the value of 
𝑑1

𝑑𝑚𝑎𝑥1
+

𝑑2

𝑑𝑚𝑎𝑥2
 for each scenario. 

In this step, we face two conditions: 

Condition 1: If 
𝑑1

𝑑𝑚𝑎𝑥1
+

𝑑2

𝑑𝑚𝑎𝑥2
≤ 1, the values are optimal and algorithm is finished. 

Condition 2: If 
𝑑1

𝑑𝑚𝑎𝑥1
+

𝑑2

𝑑𝑚𝑎𝑥2
= 𝑚 > 1, then replace these values instead of the main 

value of 𝑑1 and 𝑑2, respectively: 𝑑′1 =
𝑑1

𝑚
 and 𝑑′2 =

𝑑2

𝑚
. 

This algorithm reduces the values of two variables to an equal ratio and guarantees that the 

mentioned constraints are satisfied, but this approach does not guarantee optimal values, and a 

complete search is needed to find the optimal solution. However, in this research, we used this 
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heuristic approach because we were looking for an applicable model that can be solved by 

analytical methods. 

 

Numerical results 
 

Ten examples are investigated, and the results obtained from three scenarios are compared. 

Datasets used in the experimental instances encompass all the assumptions and requirements of 

the proposed models. Note that we used a set of datasets pertinent to previous studies in this 

field [21,51,52,53,54], chiefly developed based on real cases. Specifically, by scaling and 

rectifications, these values can be applied in the remanufacturing industry. Accordingly, in 

order to reinforce consumers’ willingness to return end-of-life products, we have endeavored 

to prove and demonstrate the performance and efficiency of our proposed models by using real 

data sets in previous research and solving numerous experimental instances. The considered 

dataset is presented in Table 2. Meanwhile, equations obtained for all decision variables are 

closed-form relations; therefore, they can be solved through any mathematics software. The 

assessment of the experiments indicates the results mentioned as follows:  

 
Table 2. The considered numerical instances 

Instance 
Parameters 

P D 𝑑𝑚𝑎𝑥1 𝑑𝑚𝑎𝑥2 𝛼0 𝛽0 α β 𝐶𝑟𝑒𝑝 𝐶𝑟𝑒𝑚 𝑃𝑚 

1 1200 5000 900 500 500 800 50 20 0.4 1 2500 

2 1200 5500 900 500 500 800 50 20 0.4 1 2500 

3 1200 5000 900 500 300 700 50 20 0.4 1 3500 

4 1200 5000 900 500 500 800 100 50 0.4 1 2500 

5 1200 5000 900 500 500 800 50 20 1 2 4500 

6 1200 5000 1000 400 500 800 50 20 0.4 1 2500 

7 1100 5000 500 300 500 800 50 20 0.4 1 2700 

8 1300 5000 900 500 500 800 50 20 0.4 1 3500 

9 1200 5000 900 500 500 800 100 20 0.4 1 2500 

10 1000 3500 750 400 200 600 30 10 0.07 0.6 2000 

 

Regarding numerical results acquired in Table 3, the collector's profit decreases in the 

centralized scenario; however, by increasing the manufacturer's profit, the whole system's profit 

increases. Therefore, a coordination mechanism is implemented in which the manufacturer 

incurred a fraction of the collector's costs. In line with previous studies wherein they proved the 

efficiency of cost-sharing contracts on their proposed system, in the proposed reverse system 

in this study, the results illustrate that this mechanism works well and increases the profit of 

both members and the entire system as well. Comparison of the model variables, which are 

take-back prices offered to consumers in three types of the decision-making process, indicates 

that the take-back price of quality level 1 has been increased in the centralized model compared 

to the decentralized one while the take-back price of quality level 2 has been decreased in the 

centralized case. This highlights that an increase in the returned products amount at quality 

level 1 will increase the whole system’s profit. Applying a cost-sharing contract in which the 

manufacturer takes over part of the take-back price and processing cost of products with quality 

level 1 triggers an incentive for the collector to increase the take-back price of quality level 1. 

 

 

 

 
Table 3. Numerical results of variables and profit functions obtained for three scenarios 
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Let us express sensitivity analyses. For sensitivity analyses, the effect of important 

parameters on the model behavior is discussed. Sensitivity analysis is applied to the model 

parameters. The efficient parameters are recognized, and their changing trend on the variables 

Instance 

 

Variables and Profit functions 

𝑑1
𝐷 𝑑2

𝐷 
𝐶

𝐷

 
𝑀

𝐷

 
𝑆𝐶

𝐷

 
𝑑1

𝐶  𝑑2
𝐶  

𝐶

𝐶

 
𝑀

𝐶

 
𝑆𝐶

𝐶

 
𝑑1

𝑐𝑜𝑛𝑡  𝑑2
𝑐𝑜𝑛𝑡  γ λ𝑚𝑖𝑑 𝑃𝑐 

𝐶

𝑐𝑜𝑛𝑡

 
𝑀

𝑐𝑜𝑛𝑡

 
𝑆𝐶

𝑐𝑜𝑛𝑡

 

1
 

3
3

6
.9

2
 

1
8

6
.8

9
 

1
0

2
8

9
1

2
.0

4
 

2
4

1
5

7
2

4
.7

9
 

3
4

4
4

6
3

6
.8

3
 

4
6

9
.0

8
 

1
3

8
.6

 

9
1

3
5

2
2

.8
2
 

2
8

7
0

8
4

3
.1

1
 

3
7

8
4

3
6

5
.9

3
 

4
6

9
.0

8
 

1
3

8
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0
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7
8
7
 

0
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1
7
9
 

1
1

1
3

.7
 

1
1

9
8

7
7

6
.5

 

2
5

8
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5
8

9
.3
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7
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4

3
6

5
.9
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6
.9

1
 

1
8

6
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9
 

1
1
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1

8
0

3
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3

8
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1
0

1
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3
5

1
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0
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4

5
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2

8
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0
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5
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1
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8
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0
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1
2
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9
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5

8
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1
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3

0
8

5
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3
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8
 

2
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3
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1
6
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0
3
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.0

4
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0
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and the profit functions has been investigated. First, the effect of the sales price of returned 

products (𝑃) is examined. 

As shown in Fig. 2Fig 2, the sales price of the returned products (𝑃) does not affect the 

centralized model. However, in the decentralized model, by increasing 𝑃, the take-back price 

value of both qualities (𝑑1
𝐷 , 𝑑2

𝐷) is initially increased, then fixed at the same value for both. The 

decentralized profit function also behaves like the take-back prices, and after an initial increase, 

it faces a decrease, then follows a constant trend. This decreasing and then fixed trend is due to 

the constraints in Eqs. 2 and 3. Unifying the take-back price value of two quality levels 

demonstrates that in the high sales price of the returned products, the collector does not 

discriminate between the products' qualities in offering the take-back prices. This result is 

totally new in the literature. 

 

 
Fig 2. The sensitivity analysis of the sales price of returned products (𝑃) 

 

In the following, the effect of the sales price of the repaired and remanufactured products 

(𝑃𝑚) is analyzed. The increasing 𝑃𝑚 results in increasing the take-back price values in the 

centralized model (𝑑1
𝐶  and 𝑑2

𝐶) at first and after imposing the constraint in Eqs. 2 and 3, they 

become constant. This parameter does not affect the decentralized model variables specified in 

Eqs. 8 and 9, and it happened because, in the decentralized model, the collector decides on the 

take-back price while 𝑃𝑚 is related to the manufacturer. Moreover, the profit functions of these 

models are incremental with increasing 𝑃𝑚. Note that increasing the sales price of the 

remanufactured products has a significant impact on profitability, corresponding to previous 

literature [19]. Therefore, it seems to be an efficient and practical idea to invest in advertising 

areas to raise consumer environmental awareness and encourage them to buy recycled products.  

 

 
Fig. 3. The sensitivity analysis of the sales price of repaired and remanufactured products (𝑃𝑚) 
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In what follows, the effect of the remanufacturing and repair costs (𝐶𝑟𝑒𝑚 and 𝐶𝑟𝑒𝑝) is 

investigated. By simultaneously increasing the repair and remanufacturing costs, we can see a 

reduction of the take-back prices in the centralized case (𝑑1
𝐶  𝑎𝑛𝑑 𝑑2

𝐶). This increase leads to a 

reduction in profit in both centralized and decentralized models as well. Since the collector 

determines the take-back price in the decentralized model, these variable diagrams are flat. Note 

that the negative impact of increasing these costs on the decentralized model profit is intense. 

Hence, there is a greater sensitivity to these parameters in the decentralized case than the 

centralized case in which, after a period of decline, the profit function continues to take a steady 

trend. These results are new in the reverse logistics literature. 

 

 
Fig. 4. The sensitivity analysis of the remanufacturing and repair costs (Crem, Crep) 

 

Finally, the effect of the impact factor of consumers' willingness to return products for a 

quality level on the processing cost of another quality level will be surveyed. Simultaneous 

increase of these two parameters (α, β) has no significant effect at first; however, in a higher 

value of α, increasing these parameters augments the take-back price of quality level 1 and a 

decreasing trend of the take-back price of quality level 2. This decline in the take-back price of 

level 2 demonstrates that the increase in the cost of capacity shortages from products of level 2 

is not cost-effective from one point and consequently reduces its amount. Such results are quite 

novel in the related literature. 

 

 
Fig. 5. The sensitivity analysis of the impact factor of consumers' willingness to return products for a quality 

level on the processing cost of other quality levels (α, β) 
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Managerial Implication 
 

The findings of this study can help decision-makers to manage reverse logistics systems from 

various perspectives better. At first, our findings can help decision-makers to resolve the 

conflicts of interest among participants of reverse logistics systems in an efficient manner. 

Besides, some valuable managerial insights can be extracted from our findings. Three pieces of 

advice that can help decision-makers are as follows: 

 Applying a cost-sharing contract initiated by the manufacturer can convince the retailer 

to make better decisions. Additionally, if the contract parameters are appropriately 

adjusted, it can achieve the best possible performance of the whole system, i.e., channel 

coordination. 

 The take-back price offered for quality level 1 is always higher than the quality level 2. 

By removing the conflicts of interest through a cost-sharing contract, the manufacturer 

expects to receive more high-quality items and fewer low-quality items. Therefore, it is 

recommended that the manufacturer considers sufficient capacity to repair high-quality 

items as well as planning for the idle capacity of the remanufacturing line. 

 Since the higher sales price of the remanufactured products directly affects profitability, 

upstream managers can focus on suitable advertising procedures to enhance consumer 

environmental awareness as well as stimulating them to buy such products. 

 

Conclusion  
 

In this study, we provide an analytical solution for the problem of collecting used items in a 

reverse logistics system, including a remanufacturer and a collector. In the investigated 

problem, the rate of returning used products by consumers depends on the monetary incentive 

paid to them by the collector as take-back price. Consumers have this choice to return used 

products that last two years or less over their lifetime (i.e., high quality or quality level 1) and 

products that have been used between two and four years (i.e., low quality or quality level 2). 

The monetary incentive paid to consumers for a returned product depends on the quality level 

of the returned item. Moreover, in accordance with the actual practice, the consumers' 

willingness to return used products is a function of the take-back price. On the other hand, the 

cost of repairing high-quality products is less than the cost of remanufacturing low-quality 

products. While the manufacturer prefers high-quality products, the retailer likes the low take-

back price of low-quality items. The conflicts of interest between two members of the reverse 

logistics system can result in a deficiency of the whole system. This study at first optimizes the 

system and determines the optimal take-back prices for both quality levels, then proposes a 

cost-sharing mechanism that aligns both parties' interests and better profit-sharing.  

While some parameters are stochastic in real-world cases, this study is developed under a 

deterministic environment. As an interesting further study, it is possible to assume a stochastic 

return rate for used items. Besides, optimizing the forward logistics system and integrating it 

with the proposed reverse logistics system (i.e., optimizing the CLSC model) is another 

opportunity for future research. Finally, consumers who have low income, usually willing to 

buy used products instead of new products; therefore, future studies can consider such an 

assumption. 
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Appendix: Proof of Theorems 
 

Proof of Theorem 1. To determine that the collector profit function is strictly concave in 

𝑑1
𝐷 and 𝑑2

𝐷, we form Hessian matrix of  𝐶

𝐷
: 

 

𝐻(Π𝐶
𝐷(𝑑1

𝐷, 𝑑2
𝐷)) = [

− (
2𝐷

𝑑𝑚𝑎𝑥1
)        − (

(𝛼+𝛽)𝐷

𝑑𝑚𝑎𝑥1𝑑𝑚𝑎𝑥2
)

−(
(𝛼+𝛽)𝐷

𝑑𝑚𝑎𝑥1𝑑𝑚𝑎𝑥2
)         − (

2𝐷

𝑑𝑚𝑎𝑥2
)

]  (1A) 

 

For concavity of the profit function  𝐶

𝐷
 in 𝑑1

𝐷 and 𝑑2
𝐷, Hessian matrix must be negative 

definite for 𝑑1
𝐷 and 𝑑2

𝐷 and to attain this situation, the following conditions are required to 

establish: 

1. Negative first minor: − (
2𝐷

𝑑𝑚𝑎𝑥1
) < 0 

2. Positive second minor: (
(2𝐷)2

𝑑𝑚𝑎𝑥1𝑑𝑚𝑎𝑥2
) − (

(𝛼+𝛽)𝐷

𝑑𝑚𝑎𝑥1𝑑𝑚𝑎𝑥2
)

2
> 0 

Since all parameters are positive, the first condition holds; therefore, the collector's profit 

function is concave, and the values obtained for 𝑑1
𝐷 and 𝑑2

𝐷 are optimal; a second condition for 

the parameters must be satisfied. 

The optimal 𝑑1
𝐷 and 𝑑2

𝐷 are calculated by setting zero the term obtained by deriving the 

collector's profit function and solving two obtained equations. 

Proof of Theorem 2. To examine the concavity of the logistics system’s profit function  𝑆𝐶

𝐶
 in 

𝑑1
𝐶  and 𝑑2

𝐶 , Hessian matrix is obtained as follows: 

 

𝐻(𝛱𝑆𝐶
𝐶 (𝑑1

𝐶 , 𝑑2
𝐶)) = [

− (
2𝐷

𝑑𝑚𝑎𝑥1
+

𝐶𝑟𝑒𝑝𝐷2

𝑑𝑚𝑎𝑥1
2 )           − (

(𝛼+𝛽)𝐷

𝑑𝑚𝑎𝑥1𝑑𝑚𝑎𝑥2
)

− (
(𝛼+𝛽)𝐷

𝑑𝑚𝑎𝑥1𝑑𝑚𝑎𝑥2
)            − (

2𝐷

𝑑𝑚𝑎𝑥1
+

𝐶𝑟𝑒𝑚𝐷2

𝑑𝑚𝑎𝑥2
2 )

]  (2A) 

 

Now the negative definite condition of Hessian matrix is investigated: 

1. The negativity of the first principal minor: − (
2𝐷

𝑑𝑚𝑎𝑥1
+

𝐶𝑟𝑒𝑝𝐷2

𝑑𝑚𝑎𝑥1
2 ) < 0 

2. The positivity of the second principal minor: 

 

(
2𝐷

𝑑𝑚𝑎𝑥1
+

𝐶𝑟𝑒𝑝𝐷2

𝑑𝑚𝑎𝑥1
2 ) (

2𝐷

𝑑𝑚𝑎𝑥1
+

𝐶𝑟𝑒𝑚𝐷2

𝑑𝑚𝑎𝑥2
2 ) − (

(𝛼+𝛽)𝐷

𝑑𝑚𝑎𝑥1𝑑𝑚𝑎𝑥2
)

2

> 0  (3A) 

 

Based on the positive parameters, the first condition is established. Parameters must also be 

set up in such a way that the second condition is satisfied. 

The optimal 𝑑1
𝐶  𝑎𝑛𝑑 𝑑2

𝐶 are calculated by deriving from  𝑆𝐶

𝐶
 and equal the obtained 

derivatives to zero. 

Proof of Theorem 3. The procedure of proofing concavity of the collector's profit function 

Π𝐶
𝐶𝑜𝑛𝑡 in 𝑑1

𝐶𝑜𝑛𝑡 and 𝑑2
𝐶𝑜𝑛𝑡 is: 
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𝐻(Π𝐶
𝐶𝑜𝑛𝑡(𝑑1

𝐶𝑜𝑛𝑡 , 𝑑2
𝐶𝑜𝑛𝑡)) = [

(
2𝐷(𝜆−1)

𝑑𝑚𝑎𝑥1
)            − (

(𝛼+𝛽)𝐷

𝑑𝑚𝑎𝑥1𝑑𝑚𝑎𝑥2
) 

− (
(𝛼+𝛽)𝐷

𝑑𝑚𝑎𝑥1𝑑𝑚𝑎𝑥2
)            − (

2𝐷

𝑑𝑚𝑎𝑥2
)

]  (4A) 

 

Since 0 < 𝜆 <1, the phrase (𝜆 − 1) is negative; hence, the first minor of the matrix is negative. 

To establish the second condition of the concavity, it is necessary to satisfy the following 

statement: − (
2𝐷(𝜆−1)

𝑑𝑚𝑎𝑥1
) (

2𝐷

𝑑𝑚𝑎𝑥2
) − (

(𝛼+𝛽)𝐷

𝑑𝑚𝑎𝑥1𝑑𝑚𝑎𝑥2
)

2
> 0 

The optimal 𝑑1
𝐶𝑜𝑛𝑡 and 𝑑2

𝐶𝑜𝑛𝑡 are calculated by deriving from  𝐶

𝐶𝑜𝑛𝑡
and equal the obtained 

derivatives to zero and then solve the equations. 

Proof of Theorem 4. In order to make coordination state in the reverse logistics, the variables 

in the coordinated model with the centralized model are equalized: 

 

𝑑1
𝐶 = 𝑑1

𝐶𝑜𝑛𝑡 (5A) 

𝑑2
𝐶 = 𝑑2

𝐶𝑜𝑛𝑡 (6A) 

 

By substituting Eqs. 11 and 15 into Eq. 5A and also substituting Eqs. 12 and 16 into Eq. 6A, 

two equations are obtained, then by solving them, 𝑃𝑐 and γ are calculated. 

Proof of Theorem 5. If both members' profit in a coordination case is more than the 

decentralized one, members approve of making coordination decisions. Thus, the channel will 

be coordinated if 𝜆 is selected from the calculated range. Hence, two following conditions must 

be satisfied: 

 
Π𝑀

𝐷 < Π𝑀
𝐶𝑜𝑛𝑡 (7A) 

Π𝐶
𝐷 < Π𝐶

𝐶𝑜𝑛𝑡 (8A) 

 

By substituting Eqs. 5 and 14 into Eq. 7A and also substituting Eqs. 4 and 13 in Eq. 8A, two 

inequalities are obtained, then by solving them, the upper and lower bounds of 𝜆 are calculated. 
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